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I. INTRODUCTION 
It is well known that the Karrnan-Pohlhausen integral method 
is a rather poor approximation for the analysis of laminar boundary 
layers in regions of adverse pressure gradient, particularly when 
separation occurs. Perhaps not so well known, however, is the fact 
that the Karm~n-Pohlhausen method may be completely inadequate 
downstream of separation, between the separation and reattachment 
points. When a flow disturbance, such as a forward facing step or 
incident shock wave, is of sufficient strength to cause extensive 
separation, the static pressure variation along the surface takes the 
general appearance shown in Figure 1. The region where the static 
pressure is virtually constant (plateau) gives rise to much of the 
difficulty, since the Karman-Pohlhausen method must produce an 
attached, Blasius type velocity profile whenever the pressure gradient 
vanishes. Hence the Karman- Pohlhausen method must predict reattach-
ment upstream of the plateau, whereas in reality it occurs downstream 
of the plateau. Apparently what is needed is an integral method which 
exhibits velocity profiles containing reverse-flow for vanishingly 
small adverse pressure gradients analogous to the "lower branch" 
solutions of the Falkner-Skan equation, which were found by Stewartson. 
The purpose of the present report is to demonsi.:rate that the method 
first proposed by Walz1 and modified by Tani2 does indeed produce 
velocity profiles with reverse flow, even in the limit of constant pressure, 
and would, therefore, appear to be a very promising method for pre-
dicting the behavior of separated flows . Furthermore this method 
eliminates the need for a certain amount of empiricism inherent in 
other existing methods, such as is required at the present time with 
3 
the Crocco-Lees theory 
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II. ANALYSIS 
Walz and Tani have shown that by employing the zeroeth and first 
moments, obtained by multiplying the rn omentum equation by un , 
n = 0, l, and integrating across the boundary layer, the momentum 
equation itself need not be satisfied along the surface. In this way the 
,,, ,,, 2 I Karman-Pohlhausen parameter, A. = (Q /..))(du dx) , may be replaced 
e 
by the parameter a 1 , which is related to the shear stress at the surface. 
With a fourth degree polynomial for the velocity profile, in which one 
boundary condition was satisfied at the surface and three more at the 
boundary layer 1 s edge, Tani found for the velocity profile: 
u/u = e '? = y/o 
w here at a 1 = 0: (au/ay)w = 0, e.g., the point of separation or 
reattachment. Hence, for a 1 > 0, the boundary layer is attached, 
whereas, for a 1 < 0, the boundary layer is separated. 
If we restrict the present analysis to incompressible flow, or 
more generally to a transformed coordinate system for compressible 
flow in which there is no heat transfer and the Prandtl number is equal 
to one, the moment equations are 
du d(~ 6*) 
dx + (2 ?<'+ 1)(6*/ue) dxe = (Y/u 6*) s e 
du 
d(J6*) 
ax + 3J (6*/ue) dx e = 
where the functions* 
/(' = Q/6*, J = Q*/6* • 
6 
26* ) 2 R = --z (au/ay) dy 
u 
e 0 
('\') /u 6*) R 
e 
s ::z o* 
u 
e 
(au/ay) 
(2) 
( 3) 
w 
are tabulated in Table l for a selected range of the dependent variable, 
al • 
(1) 
* ,., is defined here as the reciprocal of the usual "shape factor", 
o*/Q. This is done in order to avoid a singularity in separated flows, 
since it is possible for Q to vanish. 
3 
Since a
1 
is not linked explicitly with the inviscid velocity, clearly 
any number of boundary layer profiles are possible when (due/dx) = ·O, 
with the important exception, however, of the separation (or reattachment) 
profile. Evaluating Eqs. (2) and (3) for a 1 = 0, one has (except when 
(dW'/dx) _ ~ oo 
a 1-o 
( o*2 /.))(du /dx) = -1 
e 
or A. = -o. 0816. 
,,. ,,. 
Hence the boundary layer profile may be determined uniquely by the Karman-
Pohlhausen parameter, ;\ , at the separation and reattachment points*, 
but only at these points. This result obviously indicates that a finite 
pressure gradient is necessary to produce a separation or reattachment 
profile. In light of the phenomenon illustrated in Figure 1, it would be 
useful to ascertain the nature of the relaxation process for an arbitrary 
initial profile in a flow at constant pressure. For du /dx = 0, it is 
e 
convenient to re-write Eqs. (2) and (3) in the form 
where 
(~/2)(dY/dX) + Y(d~/dX) = S 
(J/2)(dY/dX) + Y(dJ/dX) = R 
and x = (u x/v )()) /u o•0 ) 2 
00 00 
( 4) 
(5) 
This t r ansformation was suggested by Wuest5 in his study of the boundary 
layer on a flat plate with discontinuous suction. Here, x is the distance 
downstream of the initial profile, and &•0 is the displacement thickness 
of the initial profile. The boundary conditions for Eqs. (4) and (5) are 
x=X=O:Y=l a 1° arbitrary (say~ 0. 15) 
Eqs. (4) and (5) were solved by numerical integration, and the results 
are shown in Figure 2 . Examining first the results for a 1° = + 0. 15, 
a 1 increases monotonically to a final equilibrium value of l. 857 
corresponding to the Blasius solution, which was found by Tani. More-
over, the relaxation process is fairly rapid since the Blasius profile is 
* This result was apparently overlooked by Tani because he 
suggested that, with the present method, the velocity profile at separation 
is never determined by .A • A unique value of A. at separation and 
reattachment can be eliminated by taking an additional moment or, 
following Wieghardt4 , by satisfying the momentwn equation at the surface. 
4 
achieved when 
(x/o*0 ) -v o. 10 (u o•0 //) 
00 
( 6) 
The behavior of the displacerr.ent thickness during this process is most 
interesting since initially it dirr.inishes as the flow proceeds downstream, 
and then passes through a minimum before eventually growing according 
to the famous Blasius parabolic law. This is precisely the behavior 
exhibited by reattaching separated layers. The present result predicts 
that the "neck" occurs downstream of the reattachment point, and that 
the ratio of displacement thickness at the neck to the displacement 
thickness at reattachn1ent is about 0. 8. Of course, this result can 
serve only as a crude approximation, since, in fact, one would expect 
adverse pressure gradients associated with reattachment to persist 
through the neck. Here we have merely postulated that the pressure 
gradient is identically zero downstream of reattachment. 
Examining tht- results for the second initial condition, a 1° = - 0. 15, 
we see that a 1 decreases monotonically with increasing x, which implies 
that the region of reverse flow spreads out from the wall as the flow 
proceeds downstream. Eventually a 1 approaches a kind of asymptotic 
limit analogous to the Blasius profile for attached flow. In order to 
define more clearly this 11 equilibrium" separated profile, one can ex-
amine Eqs. (2) and ( 3) for similarity solutions of the Falkner-Skan family, 
m 
ue ,-v x Noting that a 1 must be an invariant for such solutions, one has* 
= 
S ( l + Sm) 
1 + 3m + 2m/# ( 7) 
With m = dp/dx = 0, Eq. (7) simplifies to 
~ R = SJ (8 ) 
Eq. (8), in turn, leads to a quartic equation for a 1 , the solutions of 
which are 
= 1. 857 (Tani), 5. 981, 17. 47, -4. 887 
* Eq. (7) yields the lower bGanch solutions corresponding to the 
exact solutions found by Stewartson • The separation (or reattachment) 
profile is given by m = -0. 10, whereas the exact value ism= -0. 091. 
5 
Hence, for flow at constant pressure, we obtain not only the Blasius 
solution, a 1 = 1. 8 57, but three additional similarity solutions. The 
two new positive solutions represent velocity profiles which contain 
"overshoot" (u/u > 1), and apparently are of no physical significance. 
e 
The negative solution yields a velocity profile with reverse flow, shown 
in Figure 3, and is the limiting equilibrium solution suggested by the 
solution of Eqs. (4) and (5). For comparison, the velocity ratio along 
the dividing streamline for the similarity profile is u/ue = o. 64, 
whereas, for negligible boundary layer thickness at separation, 
7 -; Chapman obtained u u = 0. 59. 
e 
The curves of Figure 2 show very clearly that the relaxation 
process from an arbitrary initial profile to the appropriate similarity 
profile is much more rapid if the boundary layer is attached than if 
it is separated. In fact, it is doubtful that the similarity profile is 
ever achieved in the plateau region of a separated super sonic flow 
because of this slow relaxation process. Our recent calculations 
of separation induced by shock-wave irnpingement indicate that a 1 
may never decrease below about -3. 5 for plateau lengths of the same 
magnitude found in experiments8 These latter results will be presented 
in a forthcoming paper. 
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TABLE 1 
TABLE OF INTEGRAL FUNCTIONS 
A ~ J s R 
-5.00 -.05005 . 06231 -3.2500 5. 311 
-4.8866 -.04191 . 06829 -3. 148 5. 124 
-4. 75 -.03212 • 07561 -3.028 4.906 
-4.50 -.01429 . 08960 -2.812 4. 527 
-4. 25 +.00348 . 1042 -2.603 4 . 1 72 
-4.00 . 0211 7 . 1195 -2.400 3.840 
-3. 75 . 03877 . 1353 -2.203 3. 531 
-3. 50 . 05627 . 1520 -2.0125 3.245 
-3. 25 . 07 364 . 1691 -1. 828 2.979 
-3.00 . 09091 . 1869 -1. 650 2. 734 
-2. 75 . 1081 • 2052 -1. 478 2.509 
-2.50 . 1251 . 2242 -1. 3125 2.302 
-2. 25 . 1420 . 2437 -1. 153 2. 114 
-2. 00 • 1587 . 2636 -1. 000 1.943 
-1. 75 . 1753 . 2841 - . 8531 1. 78 8 
-1. 50 . 1917 . 3048 - . 7125 1.649 
-1. 25 . 2080 . 3263 
-
. 5781 l. 525 
-1. 00 . 2.240 . 3480 
- . 4500 l. 414 
-0. 75 . 2398 . 3701 
-
. 3281 l. 31 7 
-0. 50 . 2553 • 3922 
-
• 2125 l. 2325 
-0. 25 . 2708 . 4148 
-
. l 031 l. 162 
0 . 2857 . 4375 0 1. 097 
+0.25 . 3005 . 4604 + . 09688 1.045 
0.50 . 3149 . 4832 . 1875 1. 002 
0.75 . 3288 . 5059 . 2719 . 9671 
l. 00 . 3423 . 5286 . 3500 . 9400 
l. 25 . 3555 . 5511 . 4219 . 9197 
l. 50 . 3682 • 5729 . 4875 . 9054 
l. 75 . 3802 • 5946 . 5469 . 8962 
l. 8569 . 3850 . 6035 . 5704 . 8938 
2. 00 . 3915 . 6150 . 6000 . 8914 
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£IGURE l 
TYPICAL ST A TIC PRESSURE VARIATION ON A FLAT PLATE 
IN SUPERSONIC FLO'h WITH SEPARAnON 
INDUCED BY AN INCIDENT SHOCK WAVE 
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FIGURE 2 
RELAXATION PROCESSES FOR 
TWO ARBITRARY INITIAL VELOCITY PROFILES (a1 ° = j: O. 15) 
IN THE LAMINAR BOUNDARY LAYER ON A FLAT PLAT E 
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? IGURE 3 
EQUILIBRIUM VELOCITY PROFILES 
IN T HE BOuNDARY LAYER ON A FLAT PLATE, 
AS DETERMINED FROM THE SIMILAR SOLUTIONS OF EQS. (2) AND (3 ) 
